We use a color-magnetic interaction model, a traditional constituent quark model and a multiquark color flux-tube model to systematically investigate the properties of the fully-heavy tetraquark states [Q1Q2][Q3Q4] (Q = c, b) with the help of the Gaussian expansion method. Numerical results indicate that the color-magnetic interaction model can not completely absorb QCD dynamic effects through effective constituent quark mass in the states [Q1Q2][Q3Q4]. In addition, the model may overestimate the color-magnetic interaction in the extension from heavy mesons to the states [Q1Q2][Q3Q4] under the assumption of same spatial configurations. The Coulomb interaction plays a critical role in the dynamical model calculations on the heavy hadrons, which is the direct reason why none of bound states [Q1Q2][Q3Q4] can be found in the dynamical models. The color configuration [Q1Q2]6 c [Q3Q4]6 c 1 should be taken seriously in the ground states due to the strong Coulomb attraction. The color configuration [Q1Q2]3 c [Q2Q4]3 c 1 is absolutely dominant in the excited states mainly because of the lower kinetic induced by the Coulomb interaction.
I. INTRODUCTION
The dynamics in fully-heavy tetraquark states is very simple, which only includes perturbative QCD one gluon exchange (OGE) interaction and quark confinement potential. They can provide a unique environment to examine the non-relativistic quark model with QCD effective potentials if they do exist in the form of compact bound states than the loosely bound hadron molecular states because of the lack of the light mesons exchange between two QQ-mesons. The question of whether there exist such bound states has been debated for more than forty years [1] , which has received much attention from the different theoretical frameworks, such as the nonrelativistic quark models [2] [3] [4] [5] , the color-magnetic interaction model [6] [7] [8] [9] , the QCD sum rules [10] , the Bethe-Salpeter equation [11] , MIT bag model [12] , the lattice QCD [13] et al. The conclusions were model dependent. Taking the state bbbb as an example, it can exist as a stable state against strong interaction in the spinspin interaction model [14] while it is not stale in the string model [15] . On the experimental side, the AT-LAS, CMS and LHCb collaborations have measured the cross section for double charmonium production [16] . Recently, the LHCb collaboration investigated the Υµ + µ − invariant-mass distribution to search for a possible fullyheavy tetraquark state bbbb, and observed no significant excess [17] . The existence of the fully-heavy tetraquark states has been still controversial so far.
It is necessary to carry out a dynamical investigation on the natures of the fully-heavy tetraquark states from various theoretical frameworks although the states are still missing in experiments, which is propitious to widen our understanding on the structures of the * crdeng@swu.edu.cn † chenh@swu.edu.cn ‡ jlping@njnu.edu.cn states. In this work, we prepare to make a systematical research on the states [Q 1 Q 2 ][Q 3Q4 ] from the perspective of the phenomenological models, in which the color-magnetic interaction model, traditional constituent quark model and multiquark color flux-tube model are involved. The color-magnetic interaction models have various versions [18] , the model with reference mass scale is employed here. The traditional constituent quark model includes the OGE interaction and two-body confinement potential proportional to color charge. The multiquark color flux-tube model based on the lattice QCD color flux-tube picture and the traditional quark model has been developed, which contains a multibody confinement potential instead of two-body one. The model was recently applied to systematically investigate on the states [cs][cs] [19] . Furthermore, the conclusions of other phenomenological models are involved to make a comprehensive understanding on the fully-heavy tetraquark states. This paper is organized as follows. After the introduction section, the descriptions of three models are given in Sec. II. The wavefunction of the states [Q 1 Q 2 ][Q 3Q4 ] is shown in Sec. III. The numerical results and discussions of the states are presented in Sec. IV. A brief summary is listed in the last section.
II. THREE MODELS

A. Color-magnetic interaction model (CMIM)
The color-magnetic interaction was deduced from the spin-dependent part of the OGE interaction [20] . In addition, the effective quark masses are involved in the CMIM Hamiltonian, which is assumed to be able to absorb various QCD dynamic effects in principle. The model can give a convincing explanation of the mass splitting of ordinary hadrons. This mechanism has been applied to investigate the properties of the H-particle and the heavy pentaquarkQ[21, 22] . Recently, the mechanism was also widely utilized to study the natures of multiquark states to explain some hadrons [18] .
The CMIM Hamiltonian of n-body ground states acting on the color and spin degrees of freedom reads
where λ c and σ represent the Gell-Mann matrices and the Pauli matrices, respectively. In the conventional mesons and baryons, the color factor is frozen as a result of constant color factor, and the calculation of color-magnetic interaction reduces to the simple algebra of the spin-spin operator σ i · σ j . In multiquark states, the calculation is complicated because of various color configurations. The coefficient C ij describes the effective coupling constant between the q i orq i and q j orq j , which incorporates the effects from the spatial configuration and the quark mass. In general, it is difficult to exactly obtain the effect from the spatial configuration because of no knowing the spatial wave function. Therefore, it is assumed that the interactional systems with the same flavors share the same size. For n-body ground states, the color-magnetic interaction Hamitonian leads to the mass formula
where m i is the effective mass of the q i orq i , which includes the constituent quark mass and various dynamic effects in the system. In principle, the values of m i and C ij should be different in the various hadron environment. For the simplicity and model universality, they are usually extracted from the masses of conventional hadrons and then are extended to multiquark systems, which would be considered to cause the uncertainty on mass estimations [18] . Therefore, various CMIMs were proposed by modifying the mass formula or choosing refined parameters in calculations to obtain reasonable description for hadron spectra [18] .
A CMIM with a reference mass scale has been developed by modifying the mass formula to avoid generally overestimated masses and presented as the following form [18] ,
M ref and H n cm ref are respectively a reference threshold and its color-magnetic interaction energy. The parameters C ij related to ground heavy-meson states are taken from Ref. [18] , which are used in the present work and listed in Table I . More details about the model can be found in Ref. [18] .
According to the mass formula, one can define a binding energy as to identify whether a state is stable against strong interaction. If ∆E ≥ 0, the state can fall apart into the two mesons through quark rearrangement. If ∆E < 0, the strong decay into the two mesons is forbidden and therefore the decay must be weak or electromagnetic interaction.
B. Constituent quark model (CQM)
Constituent quark model is formulated under the assumption that the hadrons are color singlet nonrelativistic bound states of constituent quarks with effective masses and interactions. One expects the dynamics of the model to be governed by QCD. The perturbative effect is well the OGE interaction, which takes its standard form and is listed in the following [23] ,
The color-magnetic interaction proportional to the spincolor factor λ c i · λ c j σ i · σ j in the OGE interaction leads to mass splitting among different color-spin configurations. α s is a running strong coupling constant in the perturbative QCD [24] ,
In this work, we takes the following form,
where µ ij is the reduced mass of two interacting particles. The function δ(r ij ) should be regularized [25] ,
where r 0 (µ ij ) =r 0 /µ ij . Λ 0 , α 0 , µ 0 andr 0 are adjustable model parameters determined by fitting experimental data of heavy mesons. Color confinement is one of the most prominent features of QCD and should play an essential role in the low energy hadron physics. At present it is still impossible for us to derive color confinement analytically from the QCD Lagrangian. In the CQM, it can be phenomenologically described as the sum of two-body interactions proportional to the color charges and r 2 ij [26] ,
where r ij is the distance between the q i orq i and the q j orq j . The model can automatically prevent overall color singlet multiquark states disintegrating into several color subsystems by means of color confinement with an appropriate SU c (3) Casimir constant [27] . The model also allows a multiquark system disintegrating into colorsinglet clusters, and it leads to interacting potentials within mesonlikeand baryonlikesubsystems in accord with the empirically known potentials [27] . However, the model is known to be flawed phenomenologically because it leads to power law van der Waals forces between color-singlet hadrons. In addition, it also leads to anticonfinement for symmetrical color structure in the multiquark system [28] . The completely Hamiltonian for the heavy mesons and fully-heavy tetraquark states [Q 1 Q 2 ][Q 3Q4 ] can be presented as
T c is the center-of-mass kinetic energy of the states and should be deducted; p i and m i are the momentum and mass of the q i orq i , respectively. In order to avoid the misjudgement of the behavior of model dynamics due to inaccurate numerical results, a high precision computational method is therefore indispensable. The Gaussian expansion method (GEM) [29] , which has been proven to be rather powerful to solve fewbody problem in nuclear physics, is therefore widely used to study multibody systems. According to the GEM, the two-dody relative motion wave function of heavy mesons can be written as,
Gaussian size parameters are taken as geometric progression ν n = 1 r 2 n , r n = r 1 a n−1 , a = r nmax r 1
The coefficient c n is determined by the dynamics of systems. More details can be found in Ref. [29] . With r 1 = 0.2 fm, r nmax = 2.0 fm and n max = 7, the converged numerical results can be arrived at.
The mass of ud-quark is taken to be one third of that of nucleon, other adjustable model parameters in Table II can be determined by approximately strict solving twobody Schrödinger equation to fit the masses of the ground states of heavy mesons in Table III . At the same time, we also give the values of various parts of the model Hamiltonian. E k , V con , V cm and V clb represent kinetic, confinement potential, color-magnetic interaction and Coulomb interaction, respectively. It can been found from Table  III that the Coulomb interaction provides an extremely strong short-range attraction, which is the main reason why a quark and an antiquark can form a bound state.
In the color-magnetic interaction model, the matrix elements σ i · σ j = −3 and 1 for spin S = 0 and spin S = 1, respectively. Assuming the same spatial configuration, the model, which does not explicitly involve any dynamic effect, gives a ratio 3 : 1 for spin S = 0 and S = 1 mesons with the same flavors, such as D and D * . However, it is because of the color-magnetic interaction that the sizes of the two mesons have a litter difference, see Table III . The ration of the color-magnetic interaction in the dynamical calculation is not strict 3 : 1 because of the same reason, which is between 3 : 1 and 4 : 1. It is therefore approximately reasonable to describe the mass splitting of mesons by the color magnetic interaction in the color-magnetic interaction model. Details of the multiquark color flux-tube model based on traditional constituent quark models and the lattice QCD color flux-tube picture can be found in our previous paper [19] . Only prominent characteristics of the model are presented here. Within the framework of color fluxtube picture, the quark and antiquark in a meson are linked with a three-dimensional color flux tube. A twobody confinement potential can be written as
where r is distance between the quark and antiquark and the parameter K is the stiffnesses of a three-dimension color flux-tube and is determined by fitting the heavymeson spectra, where K = −a c λ i · λ j = 800 MeV fm −2 .
The states [Q 1 Q 2 ][Q 3Q4 ] favor a compact tetraquark configuration than a loosely bound hadron molecular configuration. According to a double Y-shaped color fluxtube structure, a four-body quadratic confinement potential can be written as,
in which r 1 , r 2 , r 3 and r 4 respectively represent the position of the Q 1 , Q 2 ,Q 3 andQ 4 . Two Y-shaped junctions y 12 and y 34 are variational parameters determined by taking the minimum of the confinement potential. The relative stiffness parameter κ d is equal to C d C3 [30] , where C d is the eigenvalue of the Casimir operator associated with the SU (3) color representation d at either end of the color flux-tube, such as C 3 = 4 3 , C 6 = 10 3 , and C 8 = 3. The minimum of the confinement potential V con min (4) can be obtained by taking the variation of V con (4) with respect to y 12 and y 34 , and it can be expressed as
The canonical coordinates R i have the following forms,
The use of V con min (4) can be understood here as that the gluon field readjusts immediately to its minimal configuration.
The OGE interaction is also involved in the multiquark color flux-tube model, which is the same as that of the CQM. It's worth mentioning that the multiquark color flux-tube model is not a completely new model but the updated version of the traditional CQM based on the color flux-tube picture of hadrons in the lattice QCD. In fact, it merely modifies the two-body confinement potential into the multibody one to describe multiquark states with multibody interaction. The MCFTM reduces to the CQM in mesons while the MCFTM can obtain different results from the CQM in multiquark states.
III. WAVEFUNCTION
Numerical results of the states [Q 1 Q 2 ][Q 3Q4 ] can be obtained by solving a fourbody Schrödinger equation with its complete wavefunctions of the states including all possible flavor-spin-color-spatial channels that contribute to a given well defined parity, isospin, and total angular momentum. Within the framework of the diquarkantidiquark configuration, the wavefunction of the state
] can be constructed as a sum of the following direct products of color χ c , isospin η i , spin χ s and spatial φ G lm terms 
In the dynamical calculation, the relative motion wave
can be expressed as the superposition of many different size Gaussian functions with well-defined quantum numbers, which share the exactly same form with that of heavy mesons, to obtain accurate numerical results. For the sake of saving space, their explicit expressions are not presented here. The heavy quarks have isospin zero so they do not contribute to the total isospin. The flavor wavefunction is therefore symmetrical if Q 1 and Q 2 (Q 3 andQ 4 ) are identical particles.
The color representation of the antidiquark [Q 3Q4 ] (diquark [Q 1 Q 2 ]) maybe antisymmetrical 3 c (3 c ) or sym-metrical6 c (6 c ). Coupling the diquark and the antidiquark into an overall color singlet according to color coupling rule only have two ways:
is coupled to s a and that of the antiquarks [Q 3Q4 ] to s b . The total spin wavefunction of the tetraquark state [Q 1 Q 2 ][Q 3Q4 ] can be written as S = s a ⊕ s b . Then we have the following basis vectors as a function of the total spin S, 0 = 1 ⊕ 1 or 0 ⊕ 0, 1 = 1 ⊕ 1, 1 ⊕ 0 or 0 ⊕ 1, and 2 = 1 ⊕ 1.
Taking all degrees of freedom of identical particles in the diquark (antidiquark) into account, the Pauli principle must be satisfied by imposing restrictions on their quantum numbers to satisfy antisymmetry. The S-wave diquark (antidiquark) with two identical quarks (antiquarks) has two possible configurations, [ 
those of the state [cb][cb] reads,
In the following, we will extend the three models to study the properties of the fully-heavy tetraquark states with the well-defined wavefunction.
IV. NUMERICAL RESULTS AND DISCUSSIONS
Recently, various versions of color-magnetic interaction models were widely utilized to investigate the properties of the One should note that all color-magnetic interaction models ignore the spatial degree of freedom so that everything in the models depends only on the color-spin algebra. The generalization of the color-magnetic interaction models from conventional hadrons to multiquark states is implemented under the assumption that the spatial configurations of each qq,andqq pairs are the same in multiquark states as in ordinary hadrons. The well-known H-particle predicted in the color-magnetic interaction model was below the ΛΛ threshold about 80 MeV [21] . However, the state was above the threshold in the nonrelativistic quark model involving the colormagnetic interaction with spatial degree of freedom and other various dynamics once SU (3) flavor symmetry is broken [31] . The state was once very fashionable and was searched for in many experiments. The high-sensitivity search at Brookhaven gave no evidence for the production of the state [32] . Recently, the theoretical case for the state continues to be strong and has been strengthened by the NPLQCD and HALQCD collaborations that both observed the state [33, 34] . The high-statistics search for the state production shown that no indication of the state with a mass near the ΛΛ threshold was seen [35] .
In view of the inherent defects of the color-magnetic models and the experience of the H-particle, it is therefore necessary to make an systematically dynamical investigation on the properties of the states [Q Table IV . In order to facilitate the comparison, we also reproduce the masses of the states [Q 1 Q 2 ][Q 3Q4 ] in the CMIM with the approximation C QQ = C QQ [9] , which are represented in Table IV. It can be found from Table IV that the masses predicted by the CMIM are lower 300-500 MeV than those predicted by other two models involving QCD dynamic effects. The masses predicted by the MCFTM are lower 30-120 MeV than those by the CQM. Comparing the masses with the lowest two meson thresholds T M1M2 , the binding energy ∆E in the MCFTM can be calculated and are presented in Table V . One can find that none of states can exist as a bound state because all states are hundreds of MeV above the corresponding threshold in the MCFTM while the masses of the states predicted by the CMIM are close to the corresponding threshold. In order to unveil the underlying cause, we give the values of various parts in the Hamiltonian and the average distances r 2 ij 1 2 and X 2 1 2 by using the eigen wavefunction, which are shown in Table V and VI, respectively.
The investigation on the spectrum of heavy-mesons in Sec. II indicates that the Coulomb interaction is significant in the formation of heavy-mesons. It can be found from Table V that the interaction also plays a decisive ]. The interaction depends on 1 r and the color factor λ c i · λ c j , the strength of which is related to the color factor λ c i · λ c j . In the heavy quark sector, the large quark mass allows two particles to approach each other as a result of small kinetic, which helps to strengthen the Coulomb interaction. In the mesons, λ c i ·λ c j = − 16 3 , which is stronger than those of the states Table IV originates from different types of confinement potential. The multibody confinement potential based on the lattice color flux-tube picture is thought to be closer to real physical images than two-body one related to color charges, which plays significant roles in many interesting places of hadron physics, such the formation and decay via strong interaction, quark pair creation and hadron structure. The multibody confinement potential can reduce the mass of multiquark states. Similar quark models with multibody confinement potential have been extensively applied to study the properties of multiquark states [36] . The CMIM does not explicitly involve spatial degree of freedom, which in fact implies that any two pairs of interacting particles with the same quark content have the same spatial configuration in despite of hadron environments, such as the QQ in the conventional mesons and multiquark states. The dynamical calculations on the heavy-mesons and [Q 1 Q 2 ][Q 3Q4 ] states indicate that the difference of their distances is apparent, see Tables III  and VI , which is contradict with the CMIM assumption of the same spatial configuration. Furthermore, it can be found from Table IV and V that the color-magnetic interactions of the states [Q 1 Q 2 ][Q 3Q4 ] in the CMIM are overestimated relative to that in the dynamical models due to the spatial assumption, which results in the appearance of bound states in the CMIM. In addition, the difference of confinement potential based on string and junction ∆V con min is not a constant, which depends on the specific state. However, the added constant term S may be thought of as representing the contribution of two additional QCD strings and one junction [8] . In this way, the predictive power of the color-magnetic mechanism needs to be checked on a large scale and in full detail by more sophisticated models with various QCD dynamic effects.
The investigations on the ground states [Q 1 Q 2 ][Q 3Q4 ] preferred the color configuration3 c ⊗ 3 c in the colormagnetic mechanism [7, 8] . However, the interactions between the [Q 1 Q 2 ] 6c and [Q 3Q4 ]6 in the color configuration 6 c ⊗6 c are attractive although the interactions in the [Q 1 Q 2 ] 6c and [Q 3Q4 ] 6 are repulsive, which are much stronger than those of the color configuration3 c ⊗ 3 c because the strength of the interaction depends on the color factors listed in Table VIII . Therefore, the final result, which is mainly dominated by the Coulomb interaction, of the color configuration 6 c ⊗6 c relies on the distance X 2 1 2 between the [Q 1 Q 2 ] 6c and [Q 3Q4 ]6. The heavier the heavy quark mass, the smaller the distance X 2 1 2 , the stronger the Coulomb interaction, the bigger the proportion of the color configuration 6 c ⊗6 c , which can be found from the group [ [cb] with 0 + and 1 + . The two color configurations can couple each other through mainly the color-magnetic interaction, the strength of which is inversely proportional to the interacting quark masses. The proportion of the color configuration 6 c ⊗6 c in the CQM is bigger than that in the MCFTM because the confinement potential involving the color factor can strengthen the coupling due to the different distances in the two color configurations, see Table VII . In the CMIM, the proportion in the group does not change because it only determined by spin-color structure due to the absence of the spatial degree of freedom. In a word, the color configuration 6 c ⊗6 c can not be ignored but should be taken seriously in the investigation on the ground fully-heavy tetraquark states, which is supported by other conclusion in other two models with QCD dynamic effects [4] .
Taking creases, the color configuration 6 c ⊗6 c is faster than the color configuration3 c ⊗ 3 c because the interaction strength of the former is stronger than that of the latter. The Coulomb interaction in the color configura-tion3 c ⊗ 3 c is stronger than that in the color configuration 6 c ⊗6 c because the Coulomb interaction in the [Q 1 Q 2 ]3 and [Q 3Q4 ] 3 is strong attractive while those in the [Q 1 Q 2 ] 6c and [Q 3Q4 ]6 are repulsive. In addition, the kinetic E k of the color configuration3 c ⊗ 3 c is obvious lower, more than 100 MeV, than that of the color configuration 6 c ⊗6 c because of the big distance induced by the relative weak Coulomb interaction between the [Q 1 Q 2 ]3 and [Q 3Q4 ] 3 , see Table VII , which is the main reason resulting in the mass difference between two color configurations. The coupling between two color configurations is very weak because of the weak color-magnetic interaction. In this way, the proportion of the color configuration 6 c ⊗6 c is small in the excited states while the color configuration3 c ⊗ 3 c is absolutely dominant.
Other different versions of non-relativistic quark models involving the OGE interaction and color confinement potential were also employed to investigate the fullyheavy tetraquark states [3] [4] [5] , which presented similar mass spectra to our models. The masses of the states in those quark models are much higher, ahout 300-500 MeV, than the corresponding thresholds, which indicates that there does not exist a bound state in the scheme of those quark models. However, the non-relativistic model with a Cornell-inspired potential, in which a four-body problem is simplified into three two-body problems, predicted that the lowest S-wave [cc][cc] might be below their thresholds of spontaneous dissociation into low-lying charmonium pairs [37] . So far, none of fully-heavy tetraquark state has been found in experiments. Whether the states exist or not awaits more experimental judgement in the future, which facilitates to construct effective phenomenological models.
V. SUMMARY
In this work, we use the CMIM and two quark models with the OGE interaction and color confinement potential, CQM with two-body confinement and MCFTM with multibody one based on the lattice color flux-tube picture, to systematically investigate the properties of the states [Q 1 Q 2 ][Q 3Q4 ] with the help of Gaussian expansion method, which is a high-precision numerical method. The difference between the two confinement potentials in the states is 30-120 MeV. The multibody confinement potential is usually thought to be closer to real physical images than two-body one related to color charges.
The masses of the ground states predicted by the CMIM are close to the corresponding two heavy-meson threshold while those predicted by the quark models with QCD dynamic effects are higher about hundreds of MeV mainly because of the strong Coulomb interaction, which indicates that the CMIM can not completely absorb QCD dynamic effects. In addition, the CMIM may overestimate the color-magnetic interaction in the extension from heavy mesons to the states [Q 1 Q 2 ][Q 3Q4 ] due to the assumption of the same spatial configurations. Therefore, this extended application is not appropriate in the fullyheavy states.
The Coulomb interaction plays an important role in the dynamical model calculation on the heavy hadrons. The interaction in the states [Q 1 Q 2 ][Q 3Q4 ] is weaker than that in the corresponding threshold of two heavy meons, which directly induces that there does not exist a bound state [Q 1 Q 2 ][Q 3Q4 ] in the quark models involving QCD dynamic effects. The color configuration [Q 1 Q 2 ] 6c [Q 3Q4 ]6 c 1 can not be ignored in the ground states owing to ths strong Coulomb interaction. The color configuration [Q 1 Q 2 ]3 c [Q 2Q4 ] 3c 1 is absolutely dominant in the excited states, which is determined by the small kinetic induced by the Coulomb interaction.
